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Abstract

Employing the properties of special function, we discuss the positional relation between two density curves with differ-

ent parameters for F distribution in this paper. Some varying regularities about the position of density curve of F distribution have been

obtained.

Keywords: F distribution, density curve, parameter, I'-function.

Denote by F(m, n) the F distribution with pa-
rameters m and n, also by f,, ,(x) the probability
density function of F(m,n). vy = f,,. .(x) is called
the density curve of F(m, n).

It can be proved that

Theorem 1. Suppose that m, zn, and 7, are all
positive constants and n; < n, < co. If 0< m <2,
the equation f,,,,,,l(,r) = fmy,,z(I ), 0< r< o has

only one root x € (1, ), and f'"’"1(1)<f'"'"v(1)
when r € (0, 1), f,,,,,,l (x) > f,,,',,j(f) \:vhen
r€(x,). If m >2, the equation }"""1 (x) =
f,,,,,,z(,r), 0< r <o has two roots £ € (0,1) and
7€ (1,00), f,,,,,,l(,r)<f,,,'n2(1) when x € (x, x)
and f,,,,,,l(I)>f,,,',,2(I) when £ € (0, z) U (7,

Theorem 2. Suppose that m and 2 are all posi-
tive constants, n is a positive variable parameter.
When 0 < m <2 and n 7 ngy, denote by x(n) €
(1,o0) the only root of equation f,, , (x) =
f,,,,,,o(.r), 0<x<oo. When m >2 and n#ny, de-

note by x(n) € (0,1) and () € (1, ) the two
roots of equation f,, , (x) :fm',,o(x), 0<r<oo,
Then xr = 7 {n), r=x(n) and xr =7 (n) are all
continuously derivable on (0, 74) and (ng, ©), and
satisfy the equation
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Besides, lim x(n), limZ(n) and limx (#n)
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exist and are all roots of the equation
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Theorem 3. Suppose that m,, m; and n are all
positive constants and mq < m,< oo, If 0< n<2,
the equation f"‘1"’ (x)= f"’r S(x), 0<r<oo has

only one root x € (0, 1), f,,,l,,,(.r)<f,,,2,,,(1)when
r€(x,%°) and £, ,,(x)>f,  ,(x) when € (0,
x). If n>2, the equation f,,,l‘,,(x):fmz,,,(x), 0
< < 00 has two roots x € (0,1) and T € (1, ),
fml,n(I) < fmpn (x) when z € (z, 7 ) and

S oo (2)> frn n(2) when 2€ (0, 2)U(z, ).
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Theorem 4. Suppose m( and n are all positive
constants, m is a positive variable parameter. When
0< n<2 and m 7 my, denote by x(m )€ (0,1) the
only root of equation f,, ,(x) = fmn_,,(‘r), 0<x<
0, When n >2 and m # my, denote by x(m) &
(0,1) and F(m )& (1, o) the two roots of equation
fom ) meo_,,(x), 0<z<%. Then x =x(m),
r=x(m) and x = 7 (m) are all continuously deriv-
able on (0, my) and (myg, o), and satisfy the equa-
tion
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Theorem 5. Suppose mg and n are all positive
constants, m is a positive variable parameter. Then

Vn>0and V>0, limf, ,(z) exists and
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fn>2, Vmy>0, the equation fo ,{(x) =
f,,,ﬂ,,,(x), 0<xr< o has two roots £ ()& (0,1)

and 7 () € (1, ), fw_,,(1)>fm0_,,(1) when

Ié(g_(w),f(oo))andfoo_n(x)<fmo_n(1)when
TE(0, x())U(F(0), o). If 0<n<2, V¥ my
>0, the equation foo,n(r):f,,,ﬂ,,,(,r), 0<r<
has only one root r (0026 (0, 1), fon,(a)<
fmya(x) when x € (0, 2 ()) and fu , (x) >

fmﬂ,n(I) when 7 € (7(0), ),

Besides, V¥ n > 0,

fm.n(x) has some stability when m—>o.

the density curve v =

Theorem 6. Suppose m;, m,, n;, n, are all
positive constants and m ;< m;. Let

n my _fnlz,nz(f)

SRR gla) =tz Gy

mna n,

xr € (0,).

Then

If n, > =y, the equation fonpin, (zx) =
fml_nz(z), x € (0, ) has two roots r; € (0, 1)
and 7,€ (1,00). f’”z'”z(r)>f’”1'”1(1‘) when r €
(xry,2,) and fmz,,,Z(I)<f,,,l_,,l(I) when x € (0,
) U(xa, ).

If n;<nj, then p€ (0, %) and

(1) p = 1. The equation fopn, C2) =
f,,,z,,,Z(I), x € (0, ©) has only one root ry,

fony (1) < fr w (&) when x € (0, 21) and
f‘ml,nZ(I)>fml,nl(I) When _1'6(1‘1,00)_

(2) 0<p<1, then g(1)< g(p) and
(i) g(1) >0, the conclusion is the same as (1).

(ii) g (1) = 0, the equation fomin, (x) =
fml_,,z(l"), x € (0, ) has two roots x; € (0, p)
and z,=1. When £;<zx#1, there is fmz_,,2(1)>
Fo
fonon (2

1

,,1(1), and when = < x;, there is fmz="2(1)<

(iii) g(1) <0< g{(p), the above equation has
three roots x1 € (0, p), x,€ (p, 1) and x;3 € (1,
). When r € (0, xy) U (x5, x3) there is
f,,,z_,,z(I)< f’”l-"L(I) and when r € (2, ) U

(x3, ) there is f’"z'"z(‘r)>f’"1-"1(1)'
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(iv) g(p) =0, the above equation has two roots
r1=pand 2,€ (1, ). When x,> 17 p there is
fmz,,,z(x)< f’"l'"l (x) and when x > x5 there is

fmz,nz(I)>fm],nl(~r)-
(v) g(p) <0, the above equation has only one
root x1€ (1, 0), f”‘z'"z(‘r)<f”‘y"1(‘r) when £ <

T1 and fmz,nz(l‘)>fmm1‘,zl(l') when x >Il-

(3) p>1, then g(1)> g(p) and the problem
can be discussed by analysing the following cases: i)
g()>0. i) g(p)=0. i) g(p)<0<g(1). iv)
g(1)=0. v) g(1)<0. The corresponding conclu-
sions are also similar to (2).

Theorem 7. Suppose mygy, ng, mi, n1 and x;
are all positive constants, (mq, ny)7 (my, ny) and

f‘ml,nl(-rl) = f‘mﬂ,nﬂ(\rl)- If U("ll, my, Il)¢0,

then there exists an only continuously derivable func-
tionx = xr (m, n) on some neighborhood of ( m,
n1), which satisfies x{(m, ny) =1, and

fm,n(I) = f’"]o.l'[”(l‘),

ox

Vim,n,x)+ UCmn,n,x)
om

=0,

T(m,n,x) + U(m,n,f)ai =0,
on
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m>0, n>0, x>0.

Specially, there are two continuously derivable
functions x = x;(m, n) and x = x,(m, n) on re-
gion {(m,n):m > my, n > ngl, which satisfy the
above three equations and 0 < z,{m, n) <1<
xo(m,n).

Note. All the cases of Theorem 6 are indeed ex-
istent but the limit of x{m, n) is not certainly exis-
tent when m—>mgy and n —>ngy, where x(m, n) is
some solution function of equation f, , (r) =
f,,lov,,ﬂ(x) in Theorem 7. Several examples can be

given to explain the above facts.

The basic introduction to F distribution is given

in[1~2].
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